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Abstract

In this paper we consider some of the proposed models for introducing the long-range
scalar interaction in Riemannian space-times, The relationship among these models is
discussed, Particular emphasis is placed on the introduction of the scalar interaction via
a conformal mapping on the original Riemannian geometry. Following this method we
introduce a spinorial model for the coupled system. We also discuss the meaning of the
identities satisfied by the left-hand side of the coupled field equations, which are present
for any model derivable from an action principle.

1. Introduction

The introduction of a scalar field in the gravitational field theory of general
relativity, due originally to C. Brans and R. H. Dicke (1961), was subsequently
studied by several authors. Here we consider a general formulation due to
G. Horndeski (1974), which besides considering the structure of general
Legrange scalar densities depending on the metric tensor gy, a scalar field ¢,
and their derivatives of arbitrary order, also consider the most general action
principle involving second-order Euler Lagrange equations. We show that this
general formulation degenerates in Bergmann’s formulation (1968) by means
of a particular choice of the arbitrary functions of the scalar field which are
present in the general Lagrangian density proposed by Horndeski.

The left-hand side of the Euler Lagrange equations for g, and ¢, which are
geometrical objects with the structure of a symmetric tensor density of weight
+ 1 and a scalar density of the same weight, satisfy four constraint relations.
These constraint relations will appear for any formulation derivable from the
action principle. Here we show that these constraints may be understood at
least from two different arguments. The first of these arguments is a simple
generalization to the Riemannian geometry of a similar result which holds in
the Lorentz-covariant field theory involving the free scalar field.
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In this paper we also propose some models of scalar-tensor theories
derivable from a conformal transformation on the original Riemannian space-
time describing the free gravitational field. We use this process for introducing
a spinor formulation for the coupled system (g,s, ¢).

The notation used here is as follows: Lowercase Latin letters designate
tensor indices running from 0 to 3. Capital Latin letters refer to spinor degrees
of freedom, and run from ! to 2 in the complex domain. The local signature
of the metric tensor is —2. For any quantity B, the notation B _, indicates a
partial derivative of B, and the notation B, the covariant derivative of the
quantity B.

2. General Vacuum Field Equations of Scalar-Tensor Theories in Four-
Dimensional Riemannian Spaces

In this section we make some considerations on the general formulation
proposed by Horndeski. Consider a general Lagrange scalar density that is
a concomitant of a pseudo-Riemannian metric tensor, a scalar field ¢, and
their derivatives of arbitrary order:

Ly = LrBani &av,iys - - - Labiy ... iy B Dy, - B iy)

for p, g = 2. The Euler-Lagrange tensor densities corresponding to this
Lagrangian are

P
E® =S (_1)h+1i i L 2.1)
wZo axh oxh aggb,,-l.,.;h
g 0 i} A
E= S (ptlom e _JTH (2.2)
W axh axn a<f)’i’...gh

From a mathematical technique due to du Plessis (1969), it is possible to show
that £ and F are not independently defined, but are related by the four
constraint conditions (Horndeski and Lovelock, 1972; Horndeski, 1971)

E®\, =3¢ (2.3)
|b ™ 2

This result shows that the Euler-Lagrange equation for the scalar field is a
consequence of the tensorial equations. Indeed, defining

P =g%hud1p =86 a0, b (2.4)
we have

E=(2/p)$iaE s

Similar relations can also be derived for other types of interactions with
the gravitational field, as for instance, for the Einstein-Maxwell theory (Love-
lock, 1973).

The usual results of field theory apply for second-order equations; therefore,
we are more directly interested in the situation where p = g = 2. All the subse-
quent discussion will refer to this situation. The origin of the identity relation



SCALAR-TENSORIAL FIELD EQUATIONS IN GENERAL RELATIVITY 645

{2.3) may be drawn to a result of the conventional Lorentz-covariant field
theory of a free real( 0o)ne-component field ¢ (Schweber et al. 1955), with

Lagrangian density.%

0 (0} ©)
o L g F 25)
axb axP 3¢, op 2
the generalization of this formula to a Riemannian space-time being (we
indicate by % the new Lagrangian density)

V=gT™)p = 9 “E(L), E&)=V-g6(Z) (2.6)
Recalling that the Einstein’s tensor G satisfies the four contracted Bianchi
identities
Gab}b =0 (27)

And that the gravitational field equations coupled to a scalar field are of the
form

E% =/"5G + T%)=0 (2.8)
we have from (2.7) and (2.8)
E® 5y =N=g(G? 1 + T ) = (V=2 T

From this relation and from (2.6) we get a formula similar to (2.3). The factor
1/2 which will be absent in this formula may be introdu%ed if we define the

Lagrangian with a multiplicative factor 1/2. In this case T% is also defined with
the same constant multiplicative factor.

Horndeski proposed the following Lagrange scalar density (for g =p =2)
for the coupled system (g5, ¢):

Ly = %\/% B BZ%?Rabechdhi

AN BB 2519 TR + /gD ER 5 (2.9)
+ \/:g_ﬂ + Ceadequaqupcd

where 8y, 8, and §; are arbitrary functions of the scalar field ¢. These functions
are assumed to be independent of the g,;,. The quantity 7 is an arbitrary function
of ¢ and p; and finally, Cis a constant. The first and last terms in this Lagrangian
density may be written as

V=EIR? — RypR™ + RopcaR™ NPy + Ce™ R 4R pea

some of these terms have, formally, a structure similar to the gauge invariant
terms FuF® and €*P%F,, F,; of the Maxwell Lagrangian density for the
electromagnetic field. Owing to this analogy we may call the factors associated
to By (¢) and to C the terms in £y corresponding to a “gauge invariant formula-

tion.” However, we should note that the terminology “gauge invariant,” used
in this formal correspondence, is not to be understood as a true gauge-invariant
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formulation. This sort of theory is obtained only for the linear approximation
to the field equations, and clearly this is not the case here. The second term

on the right-hand side of (2.9) is an interaction term not satisfying the require-
ments of a minimal coupling. The third term is the usual term that generates
the left-hand side of Einstein’s equations. Finally, the term ~/—gn(e, p) is a
general expression involving the field ¢(x) and the quantity p(x). In the absence
of the gravitational field #y has the simplified form

(0)
Ly =19, p)

©
P :Tlabqs, a¢, b
The particular choice
©) O | 20, O
n($, p) = F(@) + G(p) = 319" +3p
generates the Klein-Gordon equation for a scalar meson with rest mass u.

In the remaining of this work we shall use a simplified form for & 4
obtained by taking

B1(0) =B2(6)=0
B3(8) = f1(8) (2.10)
C=0

And the function n(¢, p) is expanded in Taylor series on the quantity p(x)
retaining only the linear term

n($, p) = /() + p2($) (2.11)

The reason for considering this particular expression for 7 is due to the fact
that we want to obtain a close relationship with the usual field theory formula-
tion of the Klein-Gordon equation [for flat space-times the choices f3(9) =
3u%0% () = § generate such an equation] .

The Lagrangian density that emerges as a consequence of the choices
(2.10) and (2.11) is

L =V-g(fiR+p +13)

This Lagrangian density was proposed by Bergmann (1968). For this Lagrangian
the rest mass term for the scalar field in the flat space-time limit arises from the
cosmological term +/—g f3(for the previous choices of f3 and f;). The field
equations derivable from £y are

E(L5)= fin/—g G +/=gf ] &"%).'¢ — ¢'7%)
V=2 [pf1 - 3(fs + o112 +v=g(h — F1)6'%'® =0 (2.12)

E(Zp)= V-2 [f1R — pfy +f5 — 2£,%as] = 0 (2.13)
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It may be seen from a direct calculation that the left-hand side of the equations
{2.12) and (2.13) satisfy the conditions (2.3). In (2.12) and (2.13) we used the
notation

,_Of;
fi‘%

3. Introduction of the Scalar Interaction by Means of a Conformal
Transformation

As is well known, the scalar interaction may be introduced by means of a
conformal transformation on the metric tensor g 5. For the free gravitational
field we have

Yo =N—gR
Gabz %
68

A conformal transformation on gy of the form
& = €2 %ey, (.1)
induces on the Ricci scalar the following variation (Eisenhart, 1960):
R=¢(R+6A0 +6A,0) (3.2)
where
A0 =800, =
Ay0 =g%015= o

We take for the Lagrangian density of the coupled system (g,;, ¢) the expression
for the conformal variation of the free Lagrangian %y:

F=r/"gR =+/"ge** (R + 6o + 60)

recalling that
Do = _.._1._. -a_ (’\/:E'Uia)
+/—g 0x?
we obtain by partial integration, neglecting a surface term
I= f$d4x
L =+/=gp(0)[R —6a] (3.3)

where,

o0y =e*
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Taking o = o(¢), we get

a=o%, o=@
and the equation (3.3) takes the form
&L =\-g¢@)[R - 65"%] (3.4
which is a particular case of the Lagrangian density ¥p for
f(9) =¢(9)
£(9) =—60"%p(8)
f(¢) =0

In the absence of the gravitational field the Lagrangian density (3.4) describes
a scalar field with variable rest mass. Indeed, the field equations obtained from
(3.4) have the form

E® =+/=gp($)[G* +20'(g"9)* — ¢™)
+0g® (70" + 20") — 2¢!%¢%(¢" +56)] =0 (3.5)

E=2/-g00(@)[—R — 6p(c? +¢") — 64 TIp] =0 (3.6)

The field equation (3.6), for the scalar field, in the limit where R ~ 0, g, =
takes the form

!2+< "
E=120%(g) [— SREA B@} =0

©) o (© O
where [J is the “flat D’ Alembertian operator”
©
O = n%28,0,
(0)
This equation has a mass term of the form
” "
g°+0
m* (@)= ——— 1", a0,
oo

The present type of approach allows us to introduce the interaction of the
gravitational field with several scalar fields, for instance, for two of such fields
we may associate the following conformal transformation on the components
of the metric tensor;

Zap =€ T gy
writing
0=0y +0,
we get a total Lagrangian density given by (3.3) for
p(0) = M @)% @I = ,(91)0a(02)
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Then,
— b — ro7
a=g01 + 001 + ) p oy tap + 20102¢>1|a¢{2a
where
_ ab o
o =g° O011a%11p = 01201
5 =gab021a02fb = 0’?@2
Thus, the Eq. (3.3) assumes the form
Lo =V "ge1(d1)x(62) [ R — 60}%p; — 605°p; — 12010510051 (3.7)

This Lagrangian density may describe the interaction of the gravitational field
with a charged scalar field. We may write

P =V-g w102 [R — 68° b‘zbab(qsi: bic)] (-8)
1,2)

(the index i in the scalar quantity is just an abbreviation and runs from 1 to 2).
We have

=42 2 '
(‘{/azb)“ 02 11aP115 + 07 Drubaip + 0102110215 + S116%21a) (3.9)
The expression for &y, is of the same general structure as the expression

for the Lagrangian corresponding to one-component scalar interaction. Indeed,
from (3.4) we have

g:-\ﬁ:g—'gp[}? - 6gab1r{”ab(¢» ‘})ic)] (3.10)
Vap = 02014015 (3.11)

Therefore, for variations on the g, for fixed ¢, and ¢,, we just replace in the
corresponding variation in (3.10) ¢ by ¢, and Y, by Y. Since the varia-
1,2

tion on the gy, in (3.10) has the form
5 [ Ldax = [ Gade™on/—gdax + [ 8o/ ~g5Rafdax — 6 [ /=g oard8™dsx

+3 f V8 08"V s8ard 8" dax (3.12)

Where the second term on the right-hand side may be written as (Landau and
Lifschitz, 1951)

| &N ~8BRafdax = f so% (V—gbw?)dyx (3.13)
ox

for
B = g™ oy — &8 i
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Using this expression a long but otherwise straightforward calculation gives
(neglecting surface terms)

[ 8% /=g8Rgpdax = [ /=g £ (g 01c)im — 8°E01c)im YOSapdax
(3.14)

Therefore

§ [ Ldgx = [V=2[~ G — 2@ 0IcNm + &€ 01 )im

+ 69y b _ 3pg rs‘prsgab} 8arax
giving
E®P==g[oG™ +g @™ 010),,, — g5 c)im — 609 P + 308" Yrsg™]
(3.15)

Substituting v{¢) by exp [20(¢)] in this expression we get the previous
equation (3.5). The corresponding equation for the system with two scalar
fields is obtained by the replacements

P o192

%!/ab'"’ d"ab
(1,2)

Thus,

fi“if Vg2 (G + 201(e Ty — 91

+205(g 0, — 37%) + p1g®(T0f + 207)
+ 0,80(703% + 203) — 2¢1¢'P(07 + Sy’
— 2016 (o + 503?) + 20103 (T8 0K

— 5¢{%1> — 5¢1Pp1)] (3.16)

In the limit where ¢; ~ ¢, ¢, — 01 (or the reverse), we re-obtain the equation
(3.5). The left-hand side of the field equation for ¢; has the form

Ey {1} = 2v/=gp10201 [-R — 6py1(0] + 67%) — 60100y
— 126,44°010) — 6p3(03 + 05%) — 60;03,] (3.17)

For obtaining the corresponding left-hand side of the field equation for ¢, just
replace the subscripts “1” by “2” and *“2” by “1.” The equation (3.17) goes over

I For ¢y ~ 0, we have that g3 - 29 (0) = const, assuming that o, (¢;) is finite at the
origin. This constant factor may be absorbed in the function vi{g;) = ¢ {(¢).



SCALAR-TENSORIAL FIELD EQUATIONS IN GENERAL RELATIVITY 651

(3.6) in the limit where ¢; ~> ¢, ¢, ~ O [the same consideration of a common
constant multiplicative factor arises here, similarly to the situation for the
tensorial equation (3.16)] . It should be noted that, in spite of looking similar,
the quantities £} {¢; } and £,{¢,} generate field equations that are independent
one from the other. Indeed, the field equations for ¢; and ¢, may be put as

— 607 0¢y — 6p,01(0f+01%) — Ro} =T,
~ 60;00¢; — 6p;05(05 +05%) —~Roy =Jy . 5

where J;., ¢ are the corresponding source terms for the coupling between the
fields ¢y and ¢, in the presence of the gravitational field:

Sk = 120,008 307 + 6p; (0] + o) + 66,0 ¢y

The identities relating the left-hand side of the field equations now have
presently the form

o = OB} + 5oL}

This process may be generalized in order to include more scalar components.
For instance, introducing a third scalar field in this method is equivalent to
considering the coupling among a charged meson, a neutral meson, and the
underlying gravitational field.

4. The Scalar Interaction in the Spinor Formulation

In the present work we consider only the interaction among scalar fields
and the underlying gravitational field. Both systems being bosonic in their
structure do not need a spinor formulation for the mathematical content of
the formulas describing the interaction. However, from the viewpoint of
elementary particles and fields, if we want to work with fermionic systems in
this scheme we will need the spinor formulation for the correct, mathematical,
formulation of the coupled system. For instance, consider the problem of
considering the coupling between the Brans-Dicke field (that means the system
&> ¢) and a system of fermionic fields. For treating this complex system we
need a spinor formalism. Since in general this fermionic system possesses some
internal symmetry properties, we may ask whether such symmetries are kept
unchanged under the constraint that relates the left-hand sides of the several
field equations for the coupled system. It should be noted that these types of
questions are more naturally treated in a quantized theory for the whole
system. However, since we do not have at present such a theory, we may
consider the problem on the classical level,

In what follows we treat the mathematical problem of translating the
present tensorial formulation for the coupled (g4, ¢) system in a spinorial
language. This method serves as a first step towards the more general problem
referred to previously. First we introduce some general results concerning
the spinor formalism.

Associated with an everywhere regular region G of the four-dimensional
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Riemannian space there exists a two-dimensional symplectic space, that is, a
linear vector space over the field of the complex numbers equipped with a
nondegenerate skew symmetric bilinear scalar product. The connection between
geometrical objects defined on points x? € G with geometrical objects
belonging to the symplectic space is obtained via a set of four Hermitian

2 x 2 matrices o, = 0,4M(x). Spinor indices will be denoted by capital Latin
letters. Denoting by S, the two-dimensional symplectic space corresponding

to G, the objects g, possess the index a belonging to G and the pair of indices
A, M belonging to S;. As an example, to a vector field on G, say A4,, corres-
ponds a second-rank spinor V47 on S,,

Vo= OaAM(-x Wazg(x)
The following definitions for raising and lowering spinor indices are used:

ZIA = EABL{B = —HBEBA

B
LlA = MBGBA = —€ApU

where e = (¢48) is the skew symmetric metric on S5,
0 1 .
B = ( ) =B
-1 0
We define the set of 2 x 2 Hermitian matrices
T, = €046 4.1)

where a bar means complex conjugation. This relation in the index notation
takes the form

_ T
TaNM = —OgNvg = —Oa N1 (4.2)

With the set of Hermitian matrices ¢, and 7, we can define the metric tensor
2.5 on G by means of

0,7y + OpTy = ~285p 1 4.3)
where I is the 2 x 2 identity matrix. This equation in the index notation reads
0 Moy i + GbKMUa PR = 28.08% 4.4

We may write
g = —5 Tr(0,7p) (4.5)

. . A
The internal space S, possess a connection I'#g and a curvature Fy;"p, and
we have the usual relations:

- A
uA[ab - uAiba = P pi®
Py =To,p — Up,a — Tolp + Pyl
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The components of the Riemannian curvature are related to the components of
Fap by

. l.c,.d
FPop = 27°0%Rypea

The inverse relations are also known in the extensive literature on this subject.
We consider now a conformal transformation on the set of matrices g, and
Ta

&, = e*a,

7, = e,

(4.6)

where X is a real scalar. This transformation induces on the g, a conformal
variation similar to the variation considered in equation (3.1). Thus, we may
write

V=ER =~/“gp(WIR + 60\ + 6f] (4.7

for
o(N) =
B=8Na\is

As before /—gR is considered as the Lagrangian density for the free
gravitational field, and /2R is the Lagrangian density for the coupled
system (g5, A). By partial integration neglecting the surface term we find

& =\-g p(V[R — 6f] (4.8)

First of all we determine the tensorial equation for a free gravitational field
in this spinor formalism. Starting with

£ =v-gR
()
and taking variations on the g,, using (4.1) and (4.5) we get

6(% = —/—gG 8 gy = 38/ —gG P Tr (8,7, + 84'72)80,]

=4/"g T1[(G"%r, + G™1,)60,]
since G is symmetric, we obtain simply

8 & =v/—g Tr(GY7,80,)

(0)

Therefore, the equations for the free gravitational field have the form
E"=~/—gG%,=0 4.9)
)

In the index notation they assume the form

E'yj =/ TFG 0 = 0
(0)
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In this case the contracted Bianchi identities imply that

g;MJ\'/ r = N8GOy s

From (4.3) recalling that g, has a null covariant derivative we get
Oalr = Talr =0
Thus, in the present case the contracted Bianchi identities read

E'yirr =0 (4.10)
©

From the Lagrangian density (4.8) we get
8L = —A/—goG 68y + 0 (\/—gW )
— 3v/~gBog™dgu + 6v/—go NN g

{in this variation the field M) is kept fixed]. Using the previous expression
{for Sw® we can write § % as (neglecting a divergence)

§L=v-g [_Gab‘P _gﬂb(gmcﬁalc)|m +gma(gbc¢lc)lm +6‘P)\!a)\|b _3<Pﬁgﬂb] 88ap
or equivalently as
§Z= Vg lyG ab +3ﬂb(gmcﬂa!c)lm - gma(gbcﬂalc){m
— 6o\ NP + 30Bg YT (8, + 87,)80,] (4.11)
The factor multiplying the trace in (4.11) is symmetric over the indices 4, b.
Denoting this factor by +/—g &%, we have
8L =/—gTe(™ S0,)

Therefore, the field equations for the gravitational field interacting with the
scalar field A(x) are

E"=/Tge(V[G™ + 70 — TONN® - 2\ 420N 7, =0 (4.12)

For the case where A ~ 0(¢), and consequently § - ¢"%p, this equation takes the
form

E"=E"q,
where £72 is given by (3.5). By analogy with the formula (4.5) we will write
the scalar quantity A(x) under the form

A=—LTr(w - Q) (4.13)
where w is a non-singular Hermitian 2 x 2 matrix, and

Q=eke=0"
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It is easy to prove that the X given by (4.13) is a real quantity. We may also
prove that

A= -Tr(Q - dw) (4.14)
In the index notation, the equation (4.13) reads as follows:
= faogpc
since B4 = P4 = —oz;é’*. The second-rank Hermitian spinor w now

describes the scalar field, similarly to the g, which describe the gravitational
field according to the relation (4.5).

The Lagrangian density (4.8) under variation on the quantity A(x) becomes
(neglecting the surface term)

5L = "go(M[2R — 126]6) + 12(/"20g®\15), S\

Since the second factor on the right-hand side, multiplying 81, is a vector
density of weight + 1, the partial derivative is equal to the covariant derivative,
and we get

8§ L=/—go(M[2R + 128 + 12C0A] 6A
Thus, the left-hand side of the field equation for the scalar field, in this spinor
formulation, is given by
8% = /Zgo(M[2R + 128 + 1200A] Tr(Q - §w)
and has the form
E=-27"go(W[R + 68 + 60ON] Q (4.15)

The geometrical objects given by (4.12) and (4.15) are, respectively, a vector
and a scalar on G, and five Hermitian matrices on S,.

Recalling the unitary five-dimensional field theory of Kaluza~Klein-Thirry
we may use the notation £ = 75. However, here we are not directly interested
in this analogy, and we continue to use the symbol .

The identity satisfied by the geometrical objects Epy and E'p4 now takes
the form

rBA = %xlagTaéA
where
Epg =685,

& is the scalar differential given as the “nucleus” of equation (4.15).

5. Concluding Remarks

In this work we have considered some of the proposed models for the
introduction of a scalar field in general relativity. The relationship among
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these models was studied. Presently we want to turn back again to the problem
of existence of the four identities connecting the left-hand sides of the Euler-
Lagrange equations for the scalar-tensorial system. We have seen in Section 1
that these identities may be obtained by a covariant generalization of a formula
holding in the Lorentz-covariant field theory of a scalar field. Another way of
understanding the existence of these identities is to recall that in the Lagrangian
formulation of general relativity, the existence of the four contracted Bianchi
identities implies that only six equations of motion are actually independent.
This result, which is mathematically equivalent to the statement of general
covariance of the theory is also verified for the scalar~tensorial theory.

As a final remark we note that from the general form of the tensorial
equation coupled to a scalar field, we have

Eab= Gab + Tab =0
We have, as result of the existence of the four identities relating this system,
T, =39

Thus, the equations of the gravitational field contain the equation of motion
of the scalar field which represents, in this case, the source for the gravitational
field.
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